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Abstract. We investigate the gravitational form factors (GFFs) and the longitudinal momentum densities
(p+ densities) for proton in a light-front quark-diquark model. The light-front wave functions are con-
structed from the soft-wall AdS/QCD prediction. The contributions from both the scalar and the axial
vector diquarks are considered here. The results are compared with the consequences of a parametrization
of nucleon generalized parton distributions (GPDs) in the light of recent MRST measurements of par-
ton distribution functions (PDFs) and a soft-wall AdS/QCD model. The spatial distribution of angular
momentum for up and down quarks inside the nucleon has been presented. At the density level, we il-
lustrate different definitions of angular momentum explicitly for an up and down quark in the light-front
quark-diquark model inspired by AdS/QCD.
PACS. 14.20.Dh Protons and neutrons – 12.39.-x Phenomenological quark models – 13.40.Gp Electro-
magnetic form factors
1 Introduction
Nucleon tomography has become an important tool in
the modern study of the nucleon structure [1,2]. One can
characterize the distribution of quarks in high energy nu-
cleon not only by the momentum fraction x but also by
the transverse position b⊥ and transverse momentum k⊥.
This important information is encoded in the generalized
parton distributions (GPDs) and transverse momentum
distributions (TMDs). We can access the GPDs in hard
exclusive processes like deep virtual compton scattering
(DVCS) or deep virtual meson production (DVMP) and
TMDs in the semi-inclusive processes like semi-inclusive
deep inelastic scattering (SIDIS). Worldwide, several ex-
periments such as, the H1 collaboration [3,4], ZEUS col-
laboration [5,6] and fixed target experiments at HERMES
[7] have finished taking data on DVCS. Experiments are
also being done at JLAB, Hall A and B [8] and COMPASS
at CERN [9] to access GPDs and new data is expected
from the upcoming experimental facilities at JLAB12 and
electron ion collider (EIC) [10].
In literature, several models [11,12,13,14,15,16] and
parametrizations [17,18,19] are present for GPDs. The
Fourier transform of GPDs with skewness equal to zero
gives the impact parameter dependent parton distribu-
tion function (ipdpdf) providing the information of the
partons of a given longitudinal momentum distributed in
transverse position space. The x moments of GPDs give
the form factors accessible in exclusive processes whereas
in the forward limit they reduce to parton distributions,
accessible in inclusive processes. Electromagnetic form fac-
tors (EFFs) [20] describe the spatial distributions of elec-
tric charge and magnetization densities inside the nucleon
and thus are intimately related to its internal structure;
these form factors are among the most basic observables
of the nucleon. The Fourier transform of EFFs gives the
charge and magnetization distributions of nucleon respec-
tively. One can obtain the Dirac, F1(Q
2) and Pauli, F2(Q
2)
form factors from the first moment of spin non-flipH(x,Q2)
and spin flip E(x,Q2) GPDs [21].
Gravity plays a major role at two extreme but com-
pletely different scales i.e., Planck and cosmic. At the sub-
atomic levels, gravity has little effect due to its weak cou-
pling. In classical mechanics, mass distribution and mo-
ment of inertia are important concepts but barely dis-
cussed for quantum systems like nucleon. The second mo-
ment of charge distribution gives the mass distribution
for nucleon. However, it is very interesting that the sec-
ond Mellin moments GPDs give the gravitational form
factors (GFFs) without actual gravitational scattering. In
hadron physics, matrix elements of the energy-momentum
tensor (Tµν) relate to the GFFs A(Q2) and B(Q2) [22].
GFFs A(Q2) and B(Q2) can be obtained from the helic-
ity non-flip and helicity flip matrix elements of the T++
component. The helicity non-flip GFF A(Q2) provide us
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the momentum fraction carried by the each constituent
of a hadron whereas B(Q2) gives the value of the grav-
itomagnetic moment at Q2 = 0 which is in agreement
with equivalence principle and energy-momentum conser-
vation [23,24]. The GFFs A(Q2) and B(Q2) are also re-
lated to the second moment of spin non-flip H(x,Q2) and
spin flip E(x,Q2) GPDs. It is important to study the
GFFs as they provide information on the nucleon spin,
according to Ji’s sum rule: 2〈Jq〉 = Aq(0) +Bq(0) [25,26].
GFFs have been studied in different models, e.g., light-
front QED [27,22], Anti-de Sitter/Quantum Chromody-
namics (AdS/QCD) models [28,29,30,31,32], light-front
quark-diquark model[33], phenomenological parametriza-
tion [34] etc.. It is now well established that a correspon-
dence exists between the transition amplitudes describ-
ing the interaction between string modes in AdS space
and matrix elements of the Tµν tensor of the fundamen-
tal hadronic constituents in QCD [28]. Gravitational form
factor A(Q2) for nucleon in both hard-wall and soft-wall
AdS/QCD model have been calculated in [29]. In Ref.
[30], pion and axial-vector mesons in hard-wall AdS/QCD
model have been studied, whereas GFFs in holographic
model of QCD for vector mesons have been studied in
[31]. Structure of transverse polarization of nucleon from
energy-momentum tensor is also explained by Ji et. al
[35], where they have considered the partonic contribu-
tions from the leading, sub-leading and next to sub-leading
parts in the light-cone coordinates. GFFs A(Q2), B(Q2)
and C¯(Q2) are also connected with transverse spin sum
rule [35,36,37,38,39,40] and have been verified in light-
front quark-diquark model in AdS/QCD [33].
In the Drell-Yan-West frame, the charge and magneti-
zaton densities in the transverse plane are obtained from
the two dimensional Fourier transformation of the elctro-
magnetic form factors (Dirac and Pauli) with respect to
the momentum transfer. In a similar way, the two dimen-
sional Fourier transform of the GFFs provides the distri-
bution of longitudinal momentum inside the hadron. The
longitudinal momentum distribution in transverse plane
was first introduced in Ref. [41], where the authors ob-
tained the semi-empirical momentum density distribution
of nucleons and for spin-1 objects in the AdS/QCD corre-
spondence approach. A nice comparative study of charge
and momentum distributions have been reported in [34].
The longitudinal momentum densities for nucleon in the
framework of soft-wall AdS/QCD has been investigated in
[32] whereas the same distribution in a light-front scalar-
diquark model in AdS/QCD has been studied in [33]. The
longitudinal momentum distributions in transverse coor-
dinate space have been reported in [42].
In the context of Q2 6= 0, the 3-dimensional Fourier
transformation of J(Q2) can be used to calculate the dis-
tribution of angular momentum in coordinate space [43,
44]. But the interpretation of the 3-dimensional Fourier
transformation of form factors as a distribution in 3- di-
mensional space becomes ambiguous and suffers from rel-
ativistic corrections for finite nucleon mass. However, a
2-dimensional Fourier transformation of J(Q2) does not
suffer from such relativistic corrections. Recently, the au-
thors in Ref.[45] compared different definitions of the an-
gular momentum density and concluded that none of the
definitions agree at the density level. The discrepancies ap-
peared due to the missing of total divergence terms which
had been pointed out earlier in Refs. [46,47]. However, in
the recent work[48], Lorce´ et. al. discussed in detail dif-
ferent definitions of the angular momentum density and
showed that the discrepancies between different definitions
in the density level originate from terms that integrate to
zero.
In the quark model, the nucleons consists of three
quarks of two different flavors u and d (p = |uud〉, n =
|udd〉). In the quark-diquark picture, one can schemati-
cally write, for example the proton state, p = |d(uu)〉 +
|u(ud)〉, where (uu) and (ud) are the diquark states. With
spin-flavor symmetry, the diquark can be either scalar or
axial vector, and hence both of them are required to de-
scribe the model. Since the scalar diquarks are in a fla-
vor singlet state and vector diquarks are in a flavor triplet
state, in order to combine to a symmetric spin-flavor wave
function as demanded by the Pauli principle, the proton
state has the well-known SU(4) structure as described in
[49,50]. The scalar diquark alone cannot give the com-
plete picture of a nucleon. Recently, a phenomenological
light-front quark-diquark model has been proposed in Ref.
[51] where both scalar and vector diquark are considered.
In this model, the light-front wavefunctions (LFWFs) for
the proton are modeled from the two particle wave func-
tions obtained in soft-wall AdS/QCD [52]. This quark-
diquark model is consistent with quark counting rule and
Drell-Yan-West relation and it has been shown to repro-
duce many interesting nucleon properties [51,53,54,55].
In last two decades, there are also numerous attempt has
been made in quark-diquark models to explain the mass
spectrum [56,57,58,59,60,61,62,63,64,65,66,67] and the
electromagnetic form factors [68,65]. In the present work,
we evaluate the GFFs for up and down quark in this
light-front quark-diquark model considering both scalar
and vector diquark. The longitudinal momentum distri-
butions in transverse position space are studied in an un-
polarized as well as in a transversely polarized nucleon.
We compare the results obtained in this quark-diquark
model with the predictions of a soft-wall AdS/QCD model
and the parametrization of GPDs based on latest global
analysis by “MRST2009” [69] and the Gaussian ansatz to
incorporate the q2-dependence. We also present the spa-
tial distribution of angular momentum for up and down
quarks inside the nucleon. The different definitions of an-
gular momentum densities are illustrated explicitly for up
and down quark in this light-front quark-diquark model
inspired by AdS/QCD.
The plan of the paper is as follows. A brief description
of the light-front quark-diquark model has been given in
section 2. We present the results of GFFs and longitu-
dinal momentum distributions in section 3 and section 4
respectively. The illustration of different definitions angu-
lar momentum densities has been presented in section 5
and final conclusions are drawn in section 6.
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2 Light Front Quark Diquark Model
Here we consider a light-front quark diquark model for
nucleon[51] consisting with both the scalar and the vector
diquark. Spin-0 diquark is in flavor singlet state and spin-
1 diquark is in flavor triplet state. One can represent the
proton state as sum of scalar-isoscalar |uS0〉, isoscalar-
vector diquark |uA0〉 and isovector-vector |dA0〉 diquark
state [50,49]. The two particle Fock-state expansion for
Jz = ±1/2 with spin-0 diquark is given by
|uS〉± =
∫
dxd2p⊥
2(2pi)3
√
x(1− x)
×
[
ψ
±(u)
+ (x,p⊥)|+
1
2
s;xP+,p⊥〉
+ψ
±(u)
− (x,p⊥)| −
1
2
s;xP+,p⊥〉
]
, (1)
and the LF wave functions with spin-0 diquark, for J =
±1/2, are given by[70]
ψ
+(u)
+ (x,p⊥) = NS ϕ
(u)
1 (x,p⊥),
ψ
+(u)
− (x,p⊥) = NS
(
− p
1 + ip2
xM
)
ϕ
(u)
2 (x,p⊥) (2)
ψ
−(u)
+ (x,p⊥) = NS
(p1 − ip2
xM
)
ϕ
(u)
2 (x,p⊥),
ψ
−(u)
− (x,p⊥) = NS ϕ
(u)
1 (x,p⊥),
where |λq λS ;xP+,p⊥〉 is the two particle state having
struck quark of helicity λq and a scalar diquark having
helicity λS = s(spin-0 singlet diquark helicity is denoted
by s to distinguish it from triplet diquark). The state with
spin-1 diquark is given as [71]
|ν A〉± =
∫
dx d2p⊥
2(2pi)3
√
x(1− x)
×
[
ψ
±(ν)
++ (x,p⊥)|+
1
2
+ 1;xP+,p⊥〉
+ψ
±(ν)
−+ (x,p⊥)| −
1
2
+ 1;xP+,p⊥〉
+ψ
±(ν)
+0 (x,p⊥)|+
1
2
0;xP+,p⊥〉
+ψ
±(ν)
−0 (x,p⊥)| −
1
2
0;xP+,p⊥〉
+ψ
±(ν)
+− (x,p⊥)|+
1
2
− 1;xP+,p⊥〉
+ψ
±(ν)
−− (x,p⊥)| −
1
2
− 1;xP+,p⊥〉
]
. (3)
where |λq λD;xP+,p⊥〉 represents a two-particle state
with a quark of helicity λq = ± 12 and a vector diquark
of helicity λD = ±1, 0. The LFWFs for J = +1/2 are
ψ
+(ν)
+ + (x,p⊥) = N
(ν)
1
√
2
3
(p1 − ip2
xM
)
ϕ
(ν)
2 (x,p⊥),
ψ
+(ν)
− + (x,p⊥) = N
(ν)
1
√
2
3
ϕ
(ν)
1 (x,p⊥),
ψ
+(ν)
+ 0 (x,p⊥) = −N (ν)0
√
1
3
ϕ
(ν)
1 (x,p⊥), (4)
ψ
+(ν)
− 0 (x,p⊥) = N
(ν)
0
√
1
3
(p1 + ip2
xM
)
ϕ
(ν)
2 (x,p⊥),
ψ
+(ν)
+ − (x,p⊥) = 0,
ψ
+(ν)
− − (x,p⊥) = 0,
and for J = −1/2 are
ψ
−(ν)
+ + (x,p⊥) = 0,
ψ
−(ν)
− + (x,p⊥) = 0,
ψ
−(ν)
+ 0 (x,p⊥) = N
(ν)
0
√
1
3
(p1 − ip2
xM
)
ϕ
(ν)
2 (x,p⊥), (5)
ψ
−(ν)
− 0 (x,p⊥) = N
(ν)
0
√
1
3
ϕ
(ν)
1 (x,p⊥),
ψ
−(ν)
+ − (x,p⊥) = −N (ν)1
√
2
3
ϕ
(ν)
1 (x,p⊥),
ψ
−(ν)
− − (x,p⊥) = N
(ν)
1
√
2
3
(p1 + ip2
xM
)
ϕ
(ν)
2 (x,p⊥),
having flavor index ν = u, d. The LFWFs ϕ
(ν)
i (x,p⊥) are
a modified form of the soft-wall AdS/QCD prediction[72,
73]
ϕ
(ν)
i (x,p⊥) =
4pi
κ
√
log(1/x)
1− x x
aνi (1− x)bνi
× exp
[
− δν p
2
⊥
2κ2
log(1/x)
(1− x)2
]
. (6)
The wave functions ϕνi (i = 1, 2) reduce to the AdS/QCD
prediction[52] for the parameters aνi = b
ν
i = 0 and δ
ν =
1.0. We use the AdS/QCD scale parameter κ = 0.4 GeV
as determined in [74] and the quarks are assumed to be
massless.
3 Gravitational form factors
The matrix elements of local operators like energy mo-
mentum tensor, electromagnetic current and moment of
structure functions have exact representation in light-front
Fock state wave functions of bound states such as hadrons.
One can obtain the GFFs by calculating the matrix ele-
ment of the energy-momentum tensor. The second mo-
ment of spin non-flip and spin flip GPDs also gives the
gravitational form factors A(Q2) and B(Q2) respectively.
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These form factors are part of the energy-momentum ten-
sor [22]
〈P ′|Tµν |P 〉 = U¯(P ′)
[
A(q2)P¯µγν +B(q2)
iσµαqαP
ν
2M
+C(q2)(qµqν − gµνq2) + C¯(q2)Mgµν
]
U(P ), (7)
where, P¯µ = 12 (P
′ + P )µ, qµ = (P ′ − P )µ, a(µbν) =
1
2 (a
µbν + aνbµ) and U(P ) is the spinor. By calculating
the (++) component of energy-momentum tensor, one can
obtain
〈P + q, ↑ |T
++
i (0)
2(P+)2
|P, ↑〉 = Ai(q2),
〈P + q, ↑ |T
++
i (0)
2(P+)2
|P, ↓〉 = −(q1 − iq2)Bi(q
2)
2M
. (8)
The Ai(q
2) and Bi(q
2) in Eq. (8) are the form factors
which are very similar to the Dirac and Pauli form fac-
tors. The Dirac and Pauli form factors can be obtained
from the helicity non-flip and helicity flip vector current
matrix elements of the J+ current. Using the two parti-
cle Fock states in Eqs.(1) and (3) we evaluate the flavor
contributions to GFFs A(q2) and B(q2) in terms of the
overlap of the wavefunctions for scalar diquark as [22]
Au(S)q (Q
2) =
∫
d2p⊥dx
16pi3
x
[
ψ
+(u)†
+ (x,p
′
⊥)ψ
+(u)
+ (x,p⊥)
+ψ
+(u)†
− (x,p
′
⊥)ψ
+(u)
− (x,p⊥)
]
, (9)
Bu(S)q (Q
2) = − 2M
q1 − iq2
∫
d2p⊥dx
16pi3
x
[
ψ
+(u)†
+ (x,p
′
⊥)
ψ
−(u)
+ (x,p⊥) + ψ
+(u)†
− (x,p
′
⊥)ψ
−(u)
− (x,p⊥)
]
, (10)
and for vector diquark
Aν(A)q (Q
2) =
∫
d2p⊥dx
16pi3
x
[
ψ
+(ν)†
++ (x,p
′
⊥)ψ
+(ν)
++ (x,p⊥) +
ψ
+(ν)†
−+ (x,p
′
⊥)ψ
+(ν)
−+ (x,p⊥) + ψ
+(ν)†
+0 (x,p
′
⊥)ψ
+(ν)
+0 (x,p⊥)
+ψ
+(ν)†
−0 (x,p
′
⊥)ψ
+(ν)
−0 (x,p⊥)
]
, (11)
Bν(A)q (Q
2) = − 2M
q1 − iq2
∫
d2p⊥dx
16pi3
x
[
ψ
+(ν)†
+0 (x,p
′
⊥)
ψ
−(ν)
+0 (x,p⊥) + ψ
+(ν)†
−0 (x,p
′
⊥)ψ
−(ν)
−0 (x,p⊥)
]
, (12)
where p′⊥ = p⊥+(1−x)q⊥. Similarly, the diquark contri-
butions to GFFs A(q2) and B(q2) can be written in terms
of LFWFs for scalar diquark as
Au(S)qq (Q
2) =
∫
d2p⊥dx
16pi3
(1− x)
[
ψ
+(u)†
+ (x,p
′′
⊥)
ψ
+(u)
+ (x,p⊥) + ψ
+(u)†
− (x,p
′′
⊥)ψ
+(u)
− (x,p⊥)
]
, (13)
Bu(S)qq (Q
2) = − 2M
q1 − iq2
∫
d2p⊥dx
16pi3
(1− x)
[
ψ
+(u)†
+ (x,p
′′
⊥)
ψ
−(u)
+ (x,p⊥) + ψ
+(u)†
− (x,p
′′
⊥)ψ
−(u)
− (x,p⊥)
]
, (14)
and for vector diquark
Aν(A)qq (Q
2) =
∫
d2p⊥dx
16pi3
(1− x)
[
ψ
+(ν)†
++ (x,p
′′
⊥)
ψ
+(ν)
++ (x,p⊥) + ψ
+(ν)†
−+ (x,p
′′
⊥)ψ
+(ν)
−+ (x,p⊥) +
ψ
+(ν)†
+0 (x,p
′′
⊥)ψ
+(ν)
+0 (x,p⊥) + ψ
+(ν)†
−0 (x,p
′′
⊥)ψ
+(ν)
−0 (x,p⊥)
]
,
(15)
Bν(A)qq (Q
2) = − 2M
q1 − iq2
∫
d2p⊥dx
16pi3
(1− x)
[
ψ
+(ν)†
+0 (x,p
′′
⊥)
ψ
−(ν)
+0 (x,p⊥) + ψ
+(ν)†
−0 (x,p
′′
⊥)ψ
−(ν)
−0 (x,p⊥)
]
, (16)
where p′′⊥ = p⊥ − xq⊥ and Q2 = q2⊥ = −t. The su-
perscripts A = V, V V for isoscalar-vector diquark and
isovector-vector diquark respectively. In the SU(4) struc-
ture, depending on different flavors (struck quark) quark
and diquark GFFs are written in terms of scalar and vec-
tor diquarks as[50]
Afu(Q
2) = C2SA
u(S)
q (Q
2) + C2VA
u(V )
q (Q
2), (17)
Afd(Q
2) = C2V VA
d(V V )
q (Q
2). (18)
Afud(Q
2) = C2SA
u(S)
qq (Q
2) + C2VA
u(V )
qq (Q
2), (19)
Afuu(Q
2) = C2V VA
d(V V )
qq (Q
2). (20)
B(Q2) also follows the same expressions as in Eqs.(17-
20). Using the LFWFs given in Eqs.(2,4,5), the explicit
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calculation gives
Au(S)q (Q
2) = N2SR
(u)
1 (Q
2),
Bu(S)q (Q
2) = N2SR
(u)
2 (Q
2),
Au(V )q (Q
2) = (
1
3
N
(u)2
0 +
2
3
N
(u)2
1 )R
(u)
1 (Q
2),
Bu(V )q (Q
2) = −1
3
N
(u)2
0 R
(u)
2 (Q
2), (21)
Ad(V V )q (Q
2) = (
1
3
N
(d)2
0 +
2
3
N
(d)2
1 )R
(d)
1 (Q
2),
Bd(V V )q (Q
2) = −1
3
N
(d)2
0 R
(d)
2 (Q
2),
Au(S)qq (Q
2) = N2SR
(u)
3 (Q
2)
Bu(S)qq (Q
2) = −N2SR(u)4 (Q2),
Au(V )qq (Q
2) = (
1
3
N
(u)2
0 +
2
3
N
(u)2
1 )R
(u)
3 (Q
2),
Bu(V )qq (Q
2) =
1
3
N
(u)2
0 R
(u)
4 (Q
2), (22)
Ad(V V )qq (Q
2) = (
1
3
N
(d)2
0 +
2
3
N
(d)2
1 )R
(d)
3 (Q
2),
Bd(V V )qq (Q
2) =
1
3
N
(d)2
0 R
(d)
4 (Q
2),
where superscript S, V and V V represent the contribu-
tions with isoscalar-scalar diquark, isoscalar-vector diquark
and isovector-vector diquarks respectively and R
(ν)
i (Q
2)
are given by
R
(ν)
1 (Q
2) =
∫
dx
[
x2a
ν
1+1(1− x)2bν1+1 1
δν
+x2a
ν
2−1(1− x)2bν2+3 κ
2
(δν)2M2 log(1/x)
×
(
1− δν Q
2
4κ2
log(1/x)
)]
exp
[
− δν Q
2
4κ2
log(1/x)
]
,(23)
R
(ν)
2 (Q
2) = 2
∫
dx xa
ν
1+a
ν
2 (1− x)bν1+bν2+2 1
δν
× exp
[
− δν Q
2
4κ2
log(1/x)
]
, (24)
R
(ν)
3 (Q
2) =
∫
dx
[
x2a
ν
1 (1− x)2bν1+2 1
δν
+x2a
ν
2−2(1− x)2bν2+4 κ
2
(δν)2M2 log(1/x)
×
(
1− δν x
2Q2
4κ2(1− x)2 log(1/x)
)]
× exp
[
− δν x
2Q2
4κ2(1− x)2 log(1/x)
]
, (25)
R
(ν)
4 (Q
2) = 2
∫
dx xa
ν
1+a
ν
2 (1− x)bν1+bν2+2 1
δν
× exp
[
− δν x
2Q2
4κ2(1− x)2 log(1/x)
]
. (26)
The values of parameters ai, bi, Ns, N
ν
0 , N
ν
1 and coeffi-
cients C2i are obtained from Ref. [51]. The total GFFs for
proton for the struck u and d quarks are given as
Autot(Q
2) =
1
2
[Afu +A
f
ud] = Au +Aud,
Adtot(Q
2) = [Afd +A
f
uu] = Ad +Auu. (27)
For Autot, the
1
2 factor appears due to two possibilities of
the struck quark being a u quark (two valence u quark in
proton). Afq and Aq represent each flavor and each quark
GFF respectively and Afu = 2Au, A
f
d = Ad. Similarly for
diquark, Afud = 2Aud and A
f
uu = Auu. One can also write
a similar expression for GFF B(Q2) as A(Q2) in Eq.(27).
In Fig.1(a) and 1(b), we show the total GFFs A(Q2)
and B(Q2) for proton depending on different quark and
diquark combination. Individual quark and diquark con-
tributions to Atot(Q
2) and Btot(Q
2) are shown in Fig.1(c)
and 1(d) respectively. The error bands in the plots corre-
spond to 2σ error in the model parameters. It can be no-
ticed that For spin non-flip GFF, although up and down
quarks contributions are slightly different, the contribu-
tions from their corresponding diquarks, i.e. (ud) and (uu)
are almost the same. Effectively, the Atot for (u+ud) and
(d+uu) are more or less the same. For spin-flip GFF, the
contribution of up quark is opposite to down quark and the
contributions from the respective diquark are also oppo-
site to each other. This is due to the fact that the anoma-
lous magnetic moment for up quark is positive but it is
negative for down quark. One can also notice that at zero
momentum transfer, the quark-diquark model satisfies the
physical condition i.e. Atot(0) = 1 and Btot(0) = 0.
The GFFs can also be obtained from the second Mellin’s
moment of GPDs. In a recent study [19], momentum trans-
fer dependence of GPDs have investigated where the GPDs
are obtained from the MRST2009 global fit. GPDs can be
extracted from the various phenomenological parametriza-
tions available in the literature. The simplest form of the
parametrization for extraction of proton GPDs is a Gaus-
sian form of wavefunction having x and Q2 dependence.
At small momentum transfer, a Regge parametrization for
GPDs H(x,Q2) = q(x) exp[−α Q2] and the modified ver-
sion q(x) exp[−α(1 − x)Q2] of the same is used for the
analysis at large momentum transfer [19]. The spin non-
flip GPD can be written as [19]
Hq(x,Q2) = q(x) exp
[
− aq (1− x)
2
xm
Q2
]
, (28)
where au, ad and m are the free fitted parameters from the
low Q2 experimental data on the proton form factors. The
PDFs measured at NNLO in strong coupling parameter by
“MSTW2009” are expressed as [69]
x u(x) = 0.22 x0.28(1− x)3.36
×(1 + 4.43 √x+ 38.6 x),
x d(x) = 17.94 x1.08(1− x)6.15
×(1− 3.64 √x+ 5.26 x). (29)
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Fig. 1. Plots of gravitational form factors, (a) Atot(Q
2), (b) Btot(Q
2), (c) and (d) represent the quark and diquark contributions
to the total GFFs Atot and Btot respectively. The error bands correspond to 2σ error in the model parameters.
The spin-flip GPD Eq(x,Q2) is given by
Eq(x,Q2) = Eq(x) exp
[
− aq (1− x)
2
x
Q2
]
, (30)
with
Eu(x) = κu
Nu
(1− x)κ1u(x),
Ed(x) = κd
Nd
(1− x)κ2d(x), (31)
where the normalization of up and down quark GPDs to
their corresponding anomalous magnetic moments κu =
1.673, κd = −2.033 leads to the k1 = 1.53, k2 = 0.31, Nu =
1.52 and Nd = 0.95. We adopt all the input parameters
from Ref. [19]. In Fig.2, we compare the GFFs A(Q2) and
B(Q2) for up and down quarks evaluated in the quark-
diquark model with the results obtained in a soft-wall
AdS/QCD model [75] and the parametrization of GPDs
based on latest global analysis by “MRST2009”[19]. We
find that for both quarks, the quark-diquark model is
in good agreement with the soft-wall model whereas for
up quark, the diquark model deviates a little from the
parametrization of GPDs.
4 Longitudinal momentum densities
Transverse charge and magnetization densities [76,77] are
defined as the two dimensional Fourier transformation of
the Dirac F1(q
2) and Pauli F2(q
2) form factor with respect
to momentum transferred q⊥. Charge and magnetization
densities in transverse plane for nucleon have been stud-
ied in various phenomenological models [78,79,75,80,81].
Similar to charge densities, one can also evaluate the p+
densities in the transverse plane by taking the two di-
mensional Fourier transform of the GFF A(q2). The T++
component of the energy-momentum tensor gives to the
longitudinal momentum P+ as
P+ =
∫
T++ d2x⊥ dx+, (32)
and the GFFs are connected to the matrix element of
T++, thus one can interpret the two-dimensional FT of
the GFF A(Q2) as the longitudinal momentum density in
the transverse plane [41].
ρ(b⊥) =
∫
d2q⊥
(2pi)2
A(q2)e−iq⊥b⊥
=
∫
q⊥ dq⊥
2pi
J0(|q⊥||b⊥|)A(q2), (33)
where b = |b⊥| is the impact parameter and J0 is the
Bessel function of zeroth order. The addition of spin-flip
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Fig. 2. Comparison of the gravitational form factors for up and down quarks. The blue solid line is for quark-diquark model.
The red dot-dashed and blue dashed lines represent the GPDs parametrization based on “MRST2009” [19] and the soft-wall
AdS/QCD model [75]. The error bands correspond to 2σ error in the quark-diquark model parameters.
matter form factor B(q2) to unpolarized quark density
modify when one considers a transversely polarized nu-
cleon. Therefore for a polarized nucleon, modified quark
density can be written as
ρT (b⊥) = ρ(b) + sin(φb − φs)
×
∫ ∞
0
dq⊥ q2⊥
4pi
J1(|q⊥| |b⊥|)
Mn
B(q2), (34)
where Mn is the mass of nucleon. The transverse polar-
ization of the nucleon is denoted by S⊥ = cosφs xˆ +
sinφs yˆ and transverse impact parameter is denoted by
b⊥ = b(cosφb xˆ + sinφb yˆ). The second part in Eq.(34),
adds the deviation from the circular symmetry of the un-
polarized density. In Fig.3(a) and Fig.3(b), we present the
results for the longitudinal momentum densities for up
quark in an unpolarized and in a transversely polarized
proton respectively. We compare the results of LF-diquark
model with the “MRST2009” parametrization and the
soft-wall AdS/QCD model. We observe that for the un-
polarized nucleon, results are axially symmetric, however
the magnitude of LF-diquark model is larger than the
“MRST2009” and soft-wall AdS/QCD model. In the case
of transversely polarized nucleon, the distribution gets dis-
torted due to addition of B(q2) in all cases. In Fig. 3(c)
and 3(d), we show the longitudinal momentum densities
for down quark. It can be noticed that for the unpolarized
case, distribution is axially symmetric and widely spread
as compare to distribution for up quark whereas in trans-
versely polarized the distribution is distorted. In Fig. 4,
we present the sum of up and down quark distributions in
an unpolarized and a transversely polarized proton. One
can find that for all cases the unpolarized distributions
almost overlap with the distributions for transversely po-
larized proton. This is due to the fact that the distortions
for up and down quark in a transversely polarized nu-
cleon have opposite directions. Further in Fig. 5(a) and
5(c), we show the top view of three dimensional distri-
butions in the impact-parameter space for up and down
quarks in an unpolarized nucleon. From these plots it is
clear that the distribution is axially symmetric. The mag-
nitude of up quark is larger than that of down quark. A
similar plots for up and down quark in transversely po-
larized nucleon are shown in Fig. 5(b) and 5(d). The dis-
tributions get distorted due to the additional contribution
coming from B(q2) to symmetric contribution. The distor-
tion in down quark distribution is stronger compared to
up quark and effectively exhibits a dipolar structure. By
removing the axially symmetric part from density ρT (b)
i.e., (ρT (b)−ρ(b)), we obtain the angular dependent part of
the density which gives the dipole pattern and is clearly
reflected in Fig. 6(a) and 6(b) for up and down quark.
The top view of the longitudinal momentum density for
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Fig. 3. Plots of the longitudinal momentum densities for up quark (upper panel) and down quark (lower panel) in an unpolarized
(left panel) and a transversely polarized (right panel) nucleon polarized along xˆ-direction calculated in LF-diquark model(solid
line), soft-wall AdS/QCD model(dashed line) and GPDs parametrizations(dashed dot line). The error bands correspond to 2σ
error in the quark-diquark model parameters.
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Fig. 4. Plot of up and down quarks combined longitudinal momentum densities in an unpolarized (left) and in a transversely
polarized (right) nucleon.
combined up and down quark in the impact-parameter
space for unpolarized and transversely polarized nucleon is
shown in Fig. 7(a) and 7(b) respectively. It shows that in a
unpolarized nucleon, distribution is axially symmetric but
a little distortion is appeared for transversely polarized nu-
cleon.In comparison with scalar diquark model [33], it has
been observed that the qualitative nature of gravitational
form factor A(Q2) in both the scalar and vector diquark
models is the same, thus, for an unpolarized nucleon the
longitudinal distributions for both u and d quark also show
the same qualitative nature. But the magnitude in the vec-
tor diquark model is quite large as compared to scalar di-
quark model. However, the result in scalar diquark model
is in more or less in agreement with the phenomenological
parametrization of GPDs whereas the result in vector di-
quark model agrees well with AdS/QCD model [75]. For a
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Fig. 5. Top view of longitudinal momentum densities for up quark (upper panel) and down quark (lower panel) in an unpolarized
(left panel) and in a transversely polarized (right panel) nucleon polarized along xˆ-direction obtained in LF-diquark model.
(a) (b)
Fig. 6. Plots of longitudinal momentum densities asymmetry (ρT (b) − ρ(b)) for up quark (left panel) and down quark (right
panel) obtained in LF-diquark model.
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(a) (b)
Fig. 7. Plots of longitudinal momentum densities for combination of up and down quark in unpolarized (left panel) and
transversely polarized (right panel) nucleon.
transversely polarized nucleon, the longitudinal distribu-
tion of both u and d quark in scalar diquark model gets
shifted along the same direction (positive yˆ-direction for
nucleon polarized along positive xˆ-direction). However, for
the vector diquark model, the shifting of the distributions
for u quark is opposite to the d quark. Since, the grav-
itational form factor B(Q2) in vector diquark model for
u quark is positive but it is negative for d quark which
is responsible for the opposite shifting of u and d quark
distribution. But, in the case of scalar diquark model the
gravitational form factor B(Q2) for both u and d quark
are roughly the same, which affects the shifting of distri-
bution in the same direction.
5 Angular momentum distributions
Ji has shown that the total angular momentum of quarks
and gluons can be expressed by the sum rule Jq/g(0) =
1
2 (A
q/g(0) + Bq/g(0)). For q2 6= 0, one cannot get the
correct form of quark angular momentum distribution in
impact-parameter space by the two dimensional Fourier
transformation of only Jq(q2) [46,47,43]. In Ref.[45], dif-
ferent definitions of the angular momentum density have
been compared and it has been concluded that none of
the definitions agree at the density level. Recently, Lorce´
et. al. [48] have idenfied all the missing terms and ex-
plicitly showed that no discrepancies are found between
the different definitions of angular momentum. The spa-
tial distributions of orbital angular momentum and spin
inside the nucleon are defined as [48],
Lz(b⊥) = sz
∫
d2q⊥
(2pi)2
e−iq⊥·b⊥
[
L(t) + t
dL(t)
dt
]
t=−q2⊥
,(35)
Sz(b⊥) =
sz
2
∫
d2q⊥
(2pi)2
e−iq⊥·b⊥ GA(−q2⊥), (36)
where L(t) is given by
L(t) =
1
2
[A(t) +B(t)−GA(t)] , (37)
and GA(t) is the axial vector form factor (see in appendix
A). Defining the 2D Fourier transform of the form factors
as
F˜ (b⊥) =
∫
d2q⊥
(2pi)2
e−iq⊥·b⊥ F (−q2⊥) , (38)
one can write
Lz(b⊥) = −s
z
2
b⊥
dL˜(b⊥)
db⊥
, Sz(b⊥) =
sz
2
G˜A(b⊥) ,(39)
Similarly, one defines the impact-parameter densities of
Belinfante-improved total angular momentum and total
divergence [48],
JzBel(b⊥) = s
z
∫
d2q⊥
(2pi)2
e−iq⊥·b⊥
[
J(t) + t
dJ(t)
dt
]
t=−q2⊥
= −s
z
2
b⊥
dJ˜(b⊥)
db⊥
, (40)
Mz(b⊥) = −s
z
2
∫
d2q⊥
(2pi)2
e−iq⊥·b⊥
[
t
dGA(t)
dt
]
t=−q2⊥
=
sz
2
[
G˜A(b⊥) +
1
2
b⊥
dG˜A(b⊥)
db⊥
]
, (41)
where
J(t) =
1
2
[A(t) +B(t)] . (42)
The Belinfante-improved total angular momentum can also
be expressed as the sum of monopole and quadrupole con-
tributions:
J
z(mono)
Bel (b⊥) =
sz
3
[
J˜(b⊥)− b⊥ dJ˜(b⊥)db⊥
]
, (43)
J
z(quad)
Bel (b⊥) = − s
z
3
[
J˜(b⊥) + 12 b⊥
dJ˜(b⊥)
db⊥
]
. (44)
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Fig. 8. Plots of longitudinal angular momentum densities for up quark (left panel) and down quark (right panel) in the transverse
plane obtained in LF-diquark model. The upper panel corresponds to the kinetic total angular momentum Jz(b⊥) (solid line)
as resulting from the sum of kinetic orbital angular momentum Lz(b⊥) (dashed line) and spin Sz(b⊥) (dot-dashed line). The
middle panel corresponds to the kinetic total angular momentum Jz(b⊥) (solid line) expressed as the sum of “naive” total
angular momentum density Jz(naive)(b⊥) (dashed line) and the corresponding correction J
z
(corr)(b⊥) (dashed dot line). Lower
panel: the kinetic total angular momentum Jz(b⊥) (solid line) resulting from the sum of Belinfante-improved total angular
momentum Jz(Bel)(b⊥) (dashed line) and the total divergence term M
z(b⊥) (dot-dashed line). The error bands correspond to 2σ
error in the quark-diquark model parameters.
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The impact-parameter density of kinetic total angular mo-
mentum 〈Jz〉(b⊥) is thus given by
Jz(b⊥) = Lz(b⊥) + Sz(b⊥) = JzBel(b⊥) +M
z(b⊥). (45)
Jz(b⊥) is different form the “naive” density: Jznaive(b⊥) =
szJ˜(b⊥) by a correction term
Jzcorr(b⊥) = −sz
[
L˜(b⊥) +
1
2
b⊥
dL˜(b⊥)
db⊥
]
. (46)
In Fig.8, we show the angular momentum densities for
up and down quarks for a longitudinally polarized tar-
get s = (0, 0, 1) obtained in the light-front quark-diquark
model inspired by AdS/QCD. Here we consider all the dif-
ferent definitions described above. In Fig.8(a) and (b), we
present the kinetic total angular momentum 〈Jz〉(b⊥) =
〈Lz〉(b⊥) + 〈Sz〉(b⊥) as the sum of kinetic orbital and
spin contributions for up and down quarks respectively.
In this model, the contribution in Jz(b⊥) from Sz(b⊥) is
stronger than that from Lz(b⊥) for both up and down
quarks. Sz(b⊥) is positive for up quark whereas at higher
b⊥ it is negative for d quark. Lz(b⊥) is negative for both
quarks. Jz(b⊥) effectively shows a positive distribution for
up quark but it is positive at low b⊥ and negative at higher
b⊥ for down quark. In Fig.8(c) and (d), the kinetic total
angular momentum Jz(b⊥) has been compared with the
naive density J˜(b⊥) for up and down quarks. The naive
density J˜(b⊥) is positive for up quark and negative for
down quark. The difference between them is given by the
correction term Jzcorr(b⊥) in Eq. (46). The correction term
for up quark is small but for down quark it is large and
opposite of J˜zd (b⊥). In Fig.8(e) and (f), we compare the ki-
netic total angular momentum Jz(b⊥) with the Belinfante-
improved total angular momentum JzBel(b⊥). The differ-
ence is being attributed to the Mz(b⊥) term in Eq. (41).
JzBel(b⊥) is very small compared to J
z(b⊥) for both up
and down quark and JzBel(b⊥) is positive for up quark but
it is opposite for down quark. In both quark the major
contribution in Jz(b⊥) is coming from Mz(b⊥). The de-
composition of the Belinfante-improved total angular mo-
mentum JzBel(b⊥) = J
z(mono)
Bel (b⊥) + J
z(quad)
Bel (b⊥) into its
monopole and quadrupole contributions in shown in Fig.9.
The monopole and quadrupole contributions are opposite
to each other and the monopole contribution is larger than
the quadrupole contribution for both quarks. It has been
shown in Ref.[48] that the integrations of the total di-
vergence term 〈Mz〉(b⊥), the correction term 〈Jz〉corr(b⊥)
and the quadrupole contribution 〈JzBel〉quad(b⊥) are zero.
But at the density level of angular momentum, they need
to be taken into account in comparison of different defini-
tions.
6 Conclusion
We presented the GFFs and longitudinal momentum den-
sities for proton in a light-front quark-diquark model of
nucleon. The model is consisting of both scalar and axial-
vector diquark and light-front wavefunctions are modeled
from the soft-wall AdS/QCD correspondence. The indi-
vidual contributions from quark and diquark to the pro-
ton GFFs have been demonstrated depending on differ-
ent flavors. The GFFs and longitudinal momentum dis-
tributions for up and down quarks are compared with
the consequences of a soft-wall AdS/QCD model and a
parametrization of GPDs based on the functional form of
quark distributions of the latest global analysis by “MRST
2009”. We found that the light-front diquark model is
in better agreement with the soft-wall AdS/QCD model
compared to the GPDs parametrization. We also presented
the total angular momentum distributions for up and down
quark in impact-parameter space. In this model, we illus-
trated explicitly that no discrepancies are found between
the different definitions of angular momentum. In partic-
ular, we checked explicitly that the canonical and kinetic
angular momentum do coincide at the density level.
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A Axial vector form factor
The axial vector form factor GA(Q
2) in terms of the over-
lap of the wavefunctions for scalar diquark is given by
G
u(S)
A (Q
2) =
∫
d2p⊥dx
16pi3
x
[
ψ
+(u)†
+ (x,p
′
⊥)ψ
+(u)
+ (x,p⊥)
−ψ+(u)†− (x,p′⊥)ψ+(u)− (x,p⊥)
]
, (47)
and for vector diquark
G
ν(A)
A (Q
2) =
∫
d2p⊥dx
16pi3
x
[
ψ
+(ν)†
++ (x,p
′
⊥)ψ
+(ν)
++ (x,p⊥)
−ψ+(ν)†−+ (x,p′⊥)ψ+(ν)−+ (x,p⊥)
+ψ
+(ν)†
+0 (x,p
′
⊥)ψ
+(ν)
+0 (x,p⊥)
−ψ+(ν)†−0 (x,p′⊥)ψ+(ν)−0 (x,p⊥)
]
, (48)
where p′⊥ = p⊥ + (1 − x)q⊥. In the SU(4) structure, de-
pending on different flavors (struck quark) the axial form
factor is written in terms of scalar and vector diquarks as
GuA(Q
2) = C2SG
u(S)
A (Q
2) + C2VG
u(V )
A (Q
2), (49)
GdA(Q
2) = C2V VG
d(V V )
A (Q
2). (50)
Using the LFWFs given in Eqs.(2,4,5), the explicit calcu-
lation gives
G
u(S)
A (Q
2) = N2SG
(u)
1 (Q
2), (51)
G
u(V )
A (Q
2) = (
1
3
N
(u)2
0 −
2
3
N
(u)2
1 )G
(u)
1 (Q
2), (52)
G
d(V V )
A (Q
2) = (
1
3
N
(d)2
0 −
2
3
N
(d)2
1 )G
(d)
1 (Q
2), (53)
where G
(ν)
1 (Q
2) are given by
G
(ν)
1 (Q
2) =
∫
dx
[
x2a
ν
1+1(1− x)2bν1+1 1
δν
−x2aν2−1(1− x)2bν2+3 κ
2
(δν)2M2 log(1/x)
×
(
1− δν Q
2
4κ2
log(1/x)
)]
exp
[
− δν Q
2
4κ2
log(1/x)
]
.(54)
B Soft-wall AdS/QCD model
The explicit expressions for up and down quark GPDs in
soft-wall AdS/QCD model can be represented as[75]
Hq(x,Q2) =
∑
τ
cτq(x, τ)x
Q2/4κ2 ,
Eq(x,Q2) =
∑
τ
cτe
q(x, τ)xQ
2/4κ2 , (55)
where, the quark distribution functions q(x, τ) and eq(x, τ)
can be written as
q(x, τ) = αq1γ1(x, τ) + α
q
2(x, τ)γ2(x, τ) + α
q
3γ3(x, τ),
eq(x, τ) = αq3γ4(x, τ). (56)
The flavor coupling parameters αqi and γi(x) are obtained
from Ref. [75] and
γ1(x, τ) =
−1
2
(1− 2τ + xτ)(1− x)τ−2,
γ2(x, τ) =
1
2
(1− xτ)(1− x)τ−2,
γ3(x, τ) = (1− 3 x τ + x2τ + x2τ2)(1− x)τ−2,
γ4(x, τ) =
2Mn
κ
τ
√
τ − 1(1− x)τ−1. (57)
Here we have considered the three leading order dimen-
sions (τ = 3, 4, 5) which include the quarks, antiquarks
and gluons.
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